In estimating the 3-D rigid body motion and structure from timevarying images, most of previous approaches which exploit a large number of frames assume that the rotation, and the translation in some case, are constant For a long sequence of images, this assumption in general is not valid. In this paper, we propose a new state estimation formulation for the general motion in which the 3-D translation and rotation are modeled as the polynomials of arbitrary order. Extended Kalman filter is used to find the estimates sequentially from noisy images. A number of simulations are conducted to illustrate the performance of the proposed formulation.
INTRODUCTION
Most of existing structure-from-motion algorithms which utilize a small number (two or three) of frames perform poorly under the presence of noise in the measurement. Recently, a number of researchers [ l l , 2, 3. 1, 6, 5, 101 have proposed to use a large number of frames in order to improve the estimation performance. The very first step towards the "multi-frame'' analysis is to model the kinematic variables of moving object during an extended period of time. Since an object can move almost arbitrarily in front of a camera, we do not know this trajectory explicitly. However, according to Weierstrass approximation theorem, we can approximate any continuous trajectory over a closed and bounded time interval by using polynomials. In practice, we can only use low order polynomials because of the numerical stability and the real-time constraints. If the object moves in the 3-D space smoothly, such low order polynomials may be good enough in describing its motion locally.
Note that the projectile motion of a throwing ball can be represented by using second order polynomials. In the following we review some of the previous works which are considered as the major conmbution to motion estimation from a long sequence of images. Weng. Huang and Ahuja [ll] proposed the locally constant angular momentum model in estimating 3-D motion from the measurements of projective positions. Their model assumed that angular momentum was constant over a short time interval, the moving body possessed an axis of symmetry and the motion of the rotation center was approximated as a polynomial. In finding the 3-D motion, they first estimated the rotation matrices and the translation between the frames by using "two-frame'' motion analysis, and then determined the motion of the rotation center, i.e., their approach considers each frame separately. Only simulations on binocular image sequences were reported.
Broida and Chellappa 12, 31 estimated motion parameters sequentially from the projective position of multiple points in a sequence of noisy images. They used a dynamic model to describe the temporal behavior of parameters and employed the iterative extended Kalman filter to estimate them. In [2] , they estimated the motion of a two-dimensional object from its one-dimensional projections. They assumed that the image coordinates of feature points were available, that the motion was unforced, that the absolute distance to the center of rotation was known and that the noise level in the Kalman filter formulation was known. In This research was supported in part by DARPA grant N00014-88-K-0632. NSF equipment grant CCR-8716975 and NSF grant IRI89-06770.
Detailed derivation and discussion of this paper can be found in [9] .
[3], they extended their work to 3-D rigid body motion. In 141, they used batch approach to find the estimate. Their result on uniqueness of rigid body motion was limited to the pure translational motion [fl. For the non-constant rotation, numerical integration was proposed [31-[51 but neither specific algorithms nor experiments were given.
Iu and Wohn [6] argued that the estimation of motion should exploit the temporal information from images first rather than seeking for the motion constraint from the spatial domain. They showed that the 3-D velocity of a single point up to a scalar factor could be recovered from images using batch approach and proved the uniqueness of solution. They also extended their work to 3-D rigid body motion with constant angular velocity. In [7] , extended Kalman filter was used to estimate the motion sequentially.
We have observed that most of the previous approaches modeled the rotation, and the translation for some cases, as a constant. One may attempt to extend the analysis for the constant motion to the one for the general motion by expanding the t r a n s l a t i~~l and the rotational parameters in polynomials and plugging them into the original formulation of the constant motion. However, for the rotational motion, although we can still use a higher order polynomials to describe the rotation, the state equation relating the rotation and the 3-D trajectory of the feature points respect to the rotational center is time varying. Since there is no explicit closed form solution for this equation, the previous approaches were not able to handle the non-constant rotational motion effectively. In this paper, we propose a new state estimation formulation in which the explicit solution of the above state equation is not required. Consequently, the analysis can include the object motion with arbitrary orders of translation and rotation.
The rest of the paper is organized as follows. Section 2 describes the model of general rigid body motion. Section 3 gives the state estimation formulation. Section 4 gives the result of simulations. Section 5 is the conclusion of this paper with discussion.
MODEL OF RIGID BODY MOTION
Suppose that there are "p feature points on the visible surface of the rigid object and that we have measured the projected position of these points as the object moves in front of a camera. Let E,(t) = [x,(t) Y,(t) Z,(t)IT and p,(t) = [x,(t) y,(t)lT be the 3-D position and the projected position of i-th feature point at time t, respectively. Using the pin-hole camera model and considering the focal length as one unit, we have
Let e(t) = [Qdt) Qy(t) Qz(t)]' be the angular velocity of the object respect to the rotational center Eo@). From the assumption of rigidity, we have (3.8a.b) Let p = (34+ 3 4 + 6) + 3(i-1) and q = 1 +2i fori= 1, ... ,"p-1, If the rotation is constant, i.e., g(t) = g(b), then A(t) is a constant movement. As we use more frames, the estimate error decreases. For the case of 2.5 pixel error in the measurements, it takes about 60 frames to converge. This observation period is less than 2.5 m n & , Note that the estimate error is very large if we only use a smaller number of frames. . This is why one can not extend the derivation of the previous approaches [6, 31 to the general motion in a straightforward manner. In this paper, we develop a state estimation formulation in which the explicit solution of (2.2) is not required, given an arbitrary order of rigid body motion.
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STATE ESTIMATION FORMULATION DeEne the state vector as
The total number of states n, is given as 3(4 + 4 + "p) + 2. The components of the state vector at time t change with time as follows. In summery, we obtain the plant equation which is formed by (3.2)-(3.5) and the measurement equation which is given by (3.7)-(3.8) for the general rigid body motion. Thus, the estimation of the general motion for a rigid body can be obtained by solving the non-hear state estimation problem. Extended Kalman Elter, iterative extended Kalman filter and non-linear filter are commonly used for solving this type of problem sequentially with different computational complexity.
EXPERIMENT: Various noisy levels
In this experiment, we compare the estimates at different noisy levels. The standard deviations of the noise are set to 0.5, 2.5 and 5 pkels. For the states which represent the location of feature points, let p = (34 + 3 4 + 6) + 3(i -1) for i = 1. . . . , np -1, and using (2.1)-(2.2).
Let I &) be the measurement vector which is formed by the available measurements from the image at time g;
We have proposed a new state formulation to analyze the object motion with arbitrary orders of translation and rotation from a sequence of video images. Extended Kalman Elter was used to End the estimate sequentially. The simulations showed that the proposed formulation was quite effective for estimating the non-constant rigid body motion, even the measurements had 5 pixels error.
We may follow the derivations in this paper with modiEcation to formulate the general rigid body motion in terms of quaternions [3] . However, we need to solve an additional time-varying 4x1 vector differential equation in order to obtain the quaternions at different instant from the non-constant angular velocity. Also, a non-linear algebra transformation is required to relate the estimated states to the measurements. These will increase the computational complexity and the additional error in the numerical integration.
For the model of rigid body motion we used, we assumed that the (3.6) projective position of rotational center is visible, that the motion is smooth, and that the orders of the translation and rotation are known. assumption, if the rotational center belongs to one of the feature points but we do not know which point is, one may regard each point as the rotational center, and apply the estimation procedure to each case. This approach is not ~nreali~tic since the number of feature points we observed is commonly small and all the procedures can be processed simultaneously. Another approach is to detect the rotational center from the observed points and then estimate the motion. On the other hand, if the feature points do not contain the rotational center, then the method is not applicable directly.
In regard to the other two assumptions, since the object can move almost arbitrarily in front of a camera, the order of polynomials in describing the true motion may not match to the model exactly. Also, the object may change its motion abruptly. One such example is a ball bouncing off the ground. This situation leads us to consider three classes of model mismatch: undermodeling, overmodeling and parameter jumping. We have analyzed the performance degradation due to these model mismatches and proposed the 
